We investigate the spin dynamics of half-solitons in polariton Bose-Einstein condensates. Halfsolitons, which behave as magnetic monopoles, can be accelerated in the presence of the effective magnetic field of the microcavity. We study the generation of DC magnetic currents in a gas of half-solitons. At low densities, the current is suppressed due to the dipolar oscillations. At moderate densities, a magnetic current is recovered as a consequence of the collisions between the carriers. We show a deviation from Ohm's law due to the competition between magnetic dipoles and monopoles.
Since the original idea of Dirac [1] , magnetic monopoles have been one of the most important physical questions in quantum mechanics. In fact, "real" elementary magnetic charges have not been observed up to now, despite long efforts to detect them [2] . Recently, magnetically frustrated materials, or spin ices [3, 4] , offered the possibility of investigating magnetic charge transport. Besides the substantial experimental evidence to support the existence of spin-ice magnetic monopoles [5] [6] [7] [8] , the measurement of the charge and current of magnetic monopoles has become possible [9] . In fact, signatures of magnetic monopoles are present in other systems, such as nanowires [10] and spinor Bose-Einstein condensates [11] . Physically, these monopoles are elementary excitations in the system, or quasiparticles, a concept that is widely used in solid state physics to describe the behavior of carriers in the band structure [12] . Modern electronics, for example, is successfully described in their terms. Quasiparticles differ from "real" particles in the sense that they cannot exist outside the underlying medium.
An interesting example of quasiparticles are the so called half-solitons (HS) in spinor Bose-Einstein condensates (BECs). Half-solitons are stable localized excitations of spinor condensates with spin-anisotropic interactions [11, 13, 14] . Recently, some of us have experimentally demonstrated that they behave like effective magnetic charges, being accelerated along applied effective magnetic fields [11] . Electricity, which is the basis of the modern world, is a current of electric charges in applied electric fields. By analogy, the motion of magnetic charges in magnetic field has been generally referred to as "magnetricity" [9] . Therefore, the idea of using HS to envisage magnetricity appears both natural and important. In particular, exciton-polariton condensates in semiconductor microcavities have been pointed out as extremely promising platforms to investigate magnetricity [15] .
In this work, we present a theoretical study of polaritonic magnetricity: the collective motion of magnetic monopoles in the presence of an effective magnetic field. We show that at very low densities, the conductivity is suppressed due to dipole oscillations. At higher densities, when collisions between HS are more likely, the magnetic conductivity is optimal. For very dense gases, the conductivity decreases as a consequence of the collision time shortening. We also predict a deviation from the magnetic Ohm's law j ∝ H for moderate magnitudes of the applied field H. To confirm our predictions based on a kinetic model, we perform numerical simulations of realistic experimental configurations, where the DC conductivity can be effectively measured. Finally, we estimate the mobility of magnetic charges to 10 7 cm 2 /Vs, an order of magnitude larger than the record value of the electronic mobility in graphene [16, 17] .
Relativistic dynamics of half-solitons. Excitonpolaritons are bosonic quasiparticles that result from strong light-matter coupling in semiconductor microcavities. Their most important properties in the framework of the present study are their capacity to form a condensate, their small effective mass and a very strong non-linearity. Exciton-polariton condensates in one-dimensional systems in the parabolic approximation can be described by the spinor Gross-Pitaevskii equation [18, 19] 
Here, H = He x is the effective magnetic field along the x direction due to the crystallographic anisotropy of the cavity [20] . Exciton-polaritons are also characterized by a strong spin-anisotropy (typically, α 2 ≈ −0.2-0.1α 1 ), which allows the existence of half-integer topological defects, such as half-solitons and half-vortices [21] . Thus, the soliton solution of the spinor equation can be written in terms of a scalar soliton in a single spin component ψ(x) = √ n 0 tanh(x/ √ 2ξ), with ξ = / √ 2α 1 mn 0 denoting the healing length [22] [23] [24] 
(2) Here, the half-soliton propagates with a velocity v, y = vt + x 0 is the soliton centroid, c = α 1 n 0 /m is the sound speed and γ = (1 − v 2 /c 2 ) −1/2 is the relativistic factor. This solution is characterized by a diver- gent in-plane pseudospin pattern S x = Re(ψ + ψ * − )/2 (n 0 /2γ)sign(y − x). Fig. 1a) shows the density and the pseudospin for two HS in opposite spin components. The magnetic charge is defined by analogy with Maxwell's equation ρ = ∇ · S, and the charge of a single HS is q = ±n/2 = ±n 0 /2γ (as shown by the symbols "+" and "-" in Fig. 1 ). Since the charge is defined by the inplane pseudospin texture, it does not depend on the σ ± component in which the HS appears.
The monopole dynamics of Eq. (2) can be obtained by calculating the magnetic force F m = −n 0 H/2γ and the acceleration a = n 0 H/2M 0 γ 2 , where M 0 = 2 √ 2n 0 ξm is the absolute value of the HS rest mass [25] . Integrating once, the velocity is v(t) = c tanh (t/τ 0 ) [26] , where τ 0 = 2M 0 c/n 0 H, which means that the soliton cannot be accelerated above the sound speed c. This trajectory is reproduced by numerical simulations of Eqs. (1) . Spin dynamics. Let us now consider two HS in different spin components, located at ±y/2
The pseudospin texture is invariant with respect to the exchange of the two HS, y → −y: for this particular solution, the spin field is divergent for the soliton on the right. Moreover, to assure the continuity of the phase, it is impossible to have two solitons of the same type (kinkkink) next to each other. Fig. 1 , therefore, is the most general spin texture. When two solitons cross each other, the "sign" of each monopole is inverted, i.e. the one located in the σ − projection, initially with a convergent texture, becomes divergent after crossing and vice-versa. In Fig. 1 b) , c), and d), we depict the temporal evolution of the solution (3) by numerically computing the polarization degree ρ c = (n + − n − )/(n + − n − ) in Eq.
(1). Panel b) illustrates the simplest behavior: acceleration without crossing for H > 0; panel c) illustrates the inversion of the charge (the 'red', σ − -soliton is initially accelerated to the left and then to the right). In this case, the two solitons undergo dipolar oscillations, forming a "molecule", due to the changing in sign of the spin texture (charge). Panel d) depicts the bouncing of the two HS without the charge inversion, due to the interactions between spin components. We note the repulsive interaction between solitons for α 2 < 0, as a consequence of their negative mass [41] .
We proceed to a variational analysis of the spin dynamics by using Eq.
(3) as an ansatz.
− HS x representing the energy density [22, 23] , is given by
The dynamics of a HS pair can then be calculated via the Hamilton equations, ∂E/∂y + d/dt(∂E/∂ẏ) = 0 and corresponds to that of a relativistic anharmonic oscillator. We restrict our discussion to the case of attractive inter-spin interaction, α 2 = −0.2α 1 . The results are summarized in Fig. 2  a) . If the solitons are accelerated away from each other (H > 0), their trajectories correspond to open orbits in the phase-space; on the contrary, if accelerated towards each other, nonlinear oscillations of the HS molecule take place. Due to the competition between the short-range repulsion and the magnetic force, the system exhibits three types of oscillations, depending on the initial separation d ≡ y(t = 0): i) below the critical field H 1 , defined through the condition ∂E/∂y|ẏ =0 = 0, repulsion dominates and the solitons bounce at distances larger than d (mode I, also shown in Fig. 1 d) ); for H 1 < H < H 2 , with H 2 defined by the contour E|ẏ =0 = 0, dipolar oscillations possess an amplitude smaller than the initial separation d (mode II); finally, for H > H 2 , the solitons oscillate by crossing each other (mode III, also in Fig. 1  c) ). The critical fields H 1 and H 2 for the different oscillatory modes are illustrated in Fig. 2 b) . For small amplitude oscillations, d < ∼ ξ, the dynamics is given by the equationÿ + ω 2 y = 0, and the oscillation frequency is given by
A set of half-solitons: the soliton gas. To describe the dynamics of a gas of HSs, we postulate that the phasespace distributions f ± (x, v, t) are governed by the following relativistic kinetic equations of the Vlasov type [41] 
where q(v)/M (v) = n 0 /2M 0 γ 2 is the relativistic charge/mass ratio. In order to estimate the transport properties of the system, in analogy with the Drude model for electrons in the presence of an electric field [39, 40] , we assume small departures from equilibrium, allowing for the collision integral I[f ± ] to be written in the relaxation-time approximation [31] 
± , where τ ± is the relaxation time and f ± 0 is the phase-space equilibrium distribution. We define the total magnetic current as j = j + −j − , where
and N c is the concentration of magnetic charges. For symmetry, the total current is given as j = 2j + = −2j − , so we calculate the current associated with the σ + component, thus dropping the superscript in the equations above. From Eq. (6), the DC the magnetic current can be written as
Eq. 9 incorporates the relativistic behavior of HS, which implies a vanishing current near the sound speed v c.
To estimate the collision time τ , we make use of the Matthiessen's rule [38] :
where τ H is the collision rate induced by the field H; τ σ,σ (resp. τ σ,−σ ) represents the collision rate due to the short-range (but not contact) topological interaction between solitons of the same (resp. opposed) spin projection [23, 41] . A detailed derivation of τ is provided in the Supplemental Material [27] .
As we have discussed, two-body dynamics is in competition with the collective behavior of the system. Thus, the concentration of available monopoles is not necessarily the same as that of the gas. To estimate the concentration of carriers, we extend Onsager's theory for the conduction of weak electrolytes [27, 33] . Using the fermionic statistics of solitons,
with η standing for the fraction of dissociated monopoles. The Fermi velocity of the gas, v F = π N 0 /M 0 , is small compared to the sound speed for the case of polariton condensates, but it is not necessarily the case for cold atomic condensates−indeed, the same calculations could be performed for the latter−, for which we may have n 0 ξ ∼ 1. The features of Eq. (18) are summarized in Fig.  2 
c) and d).
For small values of the field, η does not vary with H and the DC current satisfies the Ohm's law j ∝ H (see Fig. 2 c) ). For moderate values of H, the system enters a non-ohmic regime, characterized by a negative conductivity, ∂j/∂H < 0. This behavior is qualitatively different from the deviation from the Ohmic response observed in spin-ices, where the conductivity monotonically increases with the applied field [9] . The reason for such a difference resides in the fact that the soliton-pair dissociation energy depends on the density of the HS gas; besides, our system is one-dimensional and the jamming of carriers is more important than in spin-ices. In panel d) of Fig. 2 , we plot the conductivity against the HS gas density. For very low densities, the transport is dominated by two-particle dynamics and the DC current is strongly suppressed. For higher densities, the response of the system is dictated by collisions. As a consequence, the magnetic conductivity reaches its maximum for moderate densities (N 0 ≈ 0.12 µm −1 for H = 6 µeV). The overall conductivity is suppressed if the interactions between HS in different spin projections are accounted for (about 30% for α 2 = −0.2α 1 ).
To corroborate the analytical predictions, we have performed numerical simulations to Eq. (1) with a gas of HS taken as initial condition. In Fig. 3 , we illustrate the most relevant regimes of the magnetic current. In panel a), we observe the breaking of dipolar oscillations (or molecule dissociation) due to collisions between the solitons within the same component. For moderate values of density (panel b)), such collisions − similarly to the Drude model for electron conduction −, lead to the appearance of a net current of magnetic charges (Ohmic response). Finally, for higher values of density, the conductivity is suppressed (panel c)), and the small-amplitude oscillations become the dominant mechanism. All these features are in qualitative agreement with the analytical estimates, as illustrated in Fig. 2 . The size of the circles in panels c) and d) represent the precision of the numerical experiment. The deviation between the analytic theory and the numerical results stems in two important facts: i) the model neglects the acoustic radiation of solitons as they accelerate [34] (the acoustic Cherenkov effect); ii) the mean-field theory is expected to break down in one-dimensional systems. A suitable treatment of the transport properties in low dimensions must be done in the framework of Luttinger theory [35, 36, 41 ], but we leave this for a future work.
To describe a more realistic experimental configuration, we simulate Eq. (1) for polaritons propagating in a one-dimensional cavity by adding i) two narrow Gaussian barriers described by the potentials
ii) a coherent, linearly polarized pump P ± = P 0 e i(kx−ωt) and iii) the finite lifetime term −i ψ ± /2τ . The two barriers, located at the positions x 1 = 0 and x 2 = L, are strong enough to create and confine the HS gas. Initially, the magnetic field is absent, and the solitons remain trapped without escaping. Then, the effective magnetic field is switched on (it can be controlled externally [37] ), and we observe the extraction of HS from the confined region (red traces propagating to the right in Fig. 3 d) , showing linear polarization degree of the condensate. The corresponding current is marked in Fig. 2 c) with a green circle.
The monopole mobility can be directly estimated from our numerical simulations. To make a correct analogy with the usual definition of electronic mobility, we compare the potential energies corresponding to a fixed displacement. Indeed, a mobility of 10 6 cm 2 /Vs (a record value obtained in graphene [16, 17] ) means that an electron is accelerated up to a speed a of 10 6 cm/s in a field given by 1 V in 1 cm. For the same distance, the displacement of a half-soliton corresponds to a magnetic energy of 10 eV (assuming n 0 ∼ 2 × 10 2 µm −1 and a splitting of 5 µeV between the two spin states), while the velocity is ∼ 10 8 cm/s, which provides an equivalent mobility of µ = 10 7 cm 2 /Vs. Such a high value is due to the extremely low polariton mass (m < 10 −4 m e ), which in turn is explained by an important photonic fraction.
To conclude, we have studied the magnetricity of a gas of half-solitons in spinor polariton condensates in the presence as effective DC magnetic field. We found that the monopole current deviates from the Ohmic response due to the competition of half-soliton oscillations and collisions. Record values of mobility can be expected due to the low polariton mass.
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SUPPLEMENTAL
In this supplemental Material, we include an explanation on the calculation of the DC magnetic current. In particular, we provide details on the computation of the soliton collision rate and on the determination of the monopole concentration -resulting from soliton-pair dissociation -by extending the Onsager's theory of weak electrolytes.
COLLISION TIME
Within the relaxation-time approximation, the magnetic current described in the manuscript contains the collision time τ ,
for which different physical effects contribute. Neglecting the effect of impurities and other substract defects, we may identify three partial contributions: i) collisions induced by the magnetic field H = He x , occurring at a rate τ H , ii) short-range collisions between solitons of the same spin (τ +,+ ) and iii) shot-range collisions between solitons of opposite spin projections (τ +,− ). Making use of the Matthiesen's rule [38] , the collision time can thus be given by
The first term can be easily calculated by extending the original approach of Drude [39, 40] , from which the mean free path between two solitons can be easily determined as
Using the expression for the relativistic velocity of solitons derived in the manuscript, v(t) = c tanh(t/τ 0 ), with τ 0 = 2M 0 c/n 0 H, and considering that the mean free path and the density of the soliton gas are related as = 1/N 0 , we have
The contribution of intra-spin collisions to the collision rate can be estimated by analyzing a jamming situation. Let us assume two solitons in a line, initially at positions x 1 and x 2 . Assuming completely elastic collisions, we can estimate that the relative kinetic energy is transformed into potential energy. In that case, we may write E i kin = E f pot , which reads
where d = |x 1 − x 2 |. We have considered the shortrange potential resulting from the topological interaction between two half-solitons, previously considered in Ref. [41] . Statistically, d = and v = /τ +,+ and after averaging Eq. (13)
We proceed similarly to estimate the contribution due to inter-spin collisions. In our configuration, and in equilibrium, the distances between solitons of opposed spin projections are half of that between solitons of the same species, i.e. we consider an interstitial configuration. As a result, the mean distance between half-solitons of opposed spins is d = /2 and the collision rate reads
where Λ = α 2 /α 1 is the relative inter-spin interaction strength. Here, we have replaced the rhs of Eq. (13) by the topological potential of Ref. [41] . For polaritons condensates, we have α 2 α 1 , which means that the contribution to the reduced collision time τ is small and therefore intra-spin collisions dominate. In Fig. 4 a) we plot the main features enclosed in Eq. (12) . We observe that the low-density regime N 0 ξ 1 is determined by the acceleration in the presence of the magnetic field H. In the high density regime N 0 ξ ∼ 1, intra-and inter-spin collisions dominate.
DISSOCIATION RATE AND MONOPOLE CONCENTRATION
As we have explained in the manuscript, the behavior of the half-soliton gas results from a competition between the spin dynamics and the collective kinetics of the particles. As a consequence, the number of carriers (monopoles) that effectively contribute to the DC magnetic current is not constant and strongly depends on both the magnetic field strength and on the gas density. In order to quantify such effect and to calculate the number of carriers N c in the system, we modify Onsager's theory, originally developed to model the electric response of weak electrolytes [42] . The difference be- .
The probability of creating monopoles from the breaking of soliton molecules therefore increases with the ratio the molecular energy to the kinetic energy of the gas. At zero temperature, the concentration of monopoles contributing to the conduction can be (classically) given by the Boltzmann factor
where E F = π 2 2 N 0 /2M 0 is the one-dimensional Fermi energy of the soliton gas, accounting for the statistical pressure of the gas. We notice that a detailed discussion about the fermionic nature of dark solitons has been given in Ref. [41] . In fact, the phase singularity accompanying two-dark soliton wave function "fermionizes" the condensate in one-dimensional systems. Finally, performing the substitution d = 1/2N 0 , we obtain the result discussed in the manuscript
Notice that the Fermi velocity of the soliton gas, v F = π N 0 /M 0 , is small compared to the sound speed for the case of polariton condensates, which means that the relativistic correction associated to the gas statistics may not be representative. However, it is not necessarily the case for cold atomic condensates, for which we may have n 0 ξ ∼ 1 and thus v F ∼ c for experimentally accessible conditions.
